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Abstract − This article presents the results of numerical research on operational mechanical loads, carried out for the main 
structural elements of a cross-belt sorter: tracks and trolleys with trays. The goal of the research was to collect data 
required at the stage of designing new solutions of the sorters. A novelty is an analytical model that allows to determine 
the influence of the motion velocity of trolleys, frictional properties and mass of sorted objects on the forces transmitted 
from the trolleys to the track, the sorting efficiency and power required by the drive systems. 
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INTRODUCTION 
The problem of sorting unit products emerges 

wherever we have high concentration of them. It is 
accompanied by the tasks of picking and unpicking 
of deliveries of unit loads in the logistic distribution 
centres, for example, in the junction post offices, 
logistic centres of courier companies, online trade 
centres selling goods by mail order. The objects are 
divided into particular directions as intended with 
the use of non-grab manipulators integrated into 
conveyor transport system, affecting the objects by 
properly planned push, hit or sequence of pushes 
[1-4]. An example of a system of lines of automatic 
sorting of loads was shown on Fig. 1.  

The practical representation of an idea of the 
process of non-grab manipulating of the objects is 

a sorting system of cross-belt type, equipped with 
the trays covered with transverse conveyors (Fig. 1, 
Fig. 2). This system is characterized by high 
efficiency and mild dynamic influence exerted on 
redirected objects. 

The change of direction of transporting results 
only from frictional contact of the objects with the 
belt of a conveyor of a tray, built in the trolleys 
directed in the track making a closed loop. 

For optimal use of existing solutions and 
designing new sorting systems, we need data 
(technical recommendations) resulting from the 
nature of the course of the manipulating process 
and physical properties of transferred objects. 
However, these data cannot be found in 
contemporary literature.  

 
Fig. 1. Line of automatic sorting of unit loads [5-6]: 1 – a track with the trays, 2 – infeed lines, 3 – identification 
(scanner of codes, mass and linear dimensions), 4 – outfeed lines 
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Fig. 2. Trays with transverse conveyors, placed on the trolleys directed in a track (enlargement of a detail 
from Fig. 1) [5] 

The companies producing complete systems of 
warehouse automation publish trade offers 
without significant technical data and correlations 
resulting from them. Therefore, it is necessary to 
carry out own research, on the basis of law of 
physics. 

The results of calculations of mechanical 
reactions occurring between transported object, 
surface of a tray, driving elements of a trolley and 
main track of a sorter were presented in the article. 
The research was carried out in a relation of basic 
operational and structural parameters: radius of 
the arcs of the tracks, velocity of transporting goods 
and their frictional properties. 1 

1. MODEL AND ANALYSIS OF MOTION OF THE 
TROLLEYS IN A TRACK 

Track is the main load-bearing element of a sorter. 

It takes the load resulting from putting trolleys, 
trays and transported products on it. The most 
loaded structural elements of the track are arcs 
that are affected, apart from gravitational forces, by 
centrifugal forces. Due to the requirement of the 
lack of tendency to overturning the trolleys in 
motion on the bends and prevention of falling the 
objects down from the trays, inclination of arcs of 
the tracks by the angle  towards the horizontal 
was considered (Fig. 3, Fig. 12). 

During the research, we included the 
parameters, specified on the basis of an analysis of 
solutions of the sorters available in the offer 
materials of the suppliers of sorting systems [5-6] 
and adopted in a project executed within the 
National Centre for Research and Development 
grant [3]. Selected parameters are presented in 
Table 1.

 
Fig. 3. A diagram of forces exerted on a trolley moving on the arc of the track inclined towards the horizontal 
at an angle : 1 – object, 2 – tray, 3 – trolley, 4 – track 

                                                                                              
1 Article was created as part of the project NCBR POIR.04.01.04-00-0006/19. „Cross-belt system for automated sorting of unit loads by 

a  two-stage method” 
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Table 1. Structural parameters of a trolley 
Marking Quantity Value  

m mass of a trolley 45 kg 
mp mass of a transported object 25 kg 
a distance between internal surfaces of the tracks 0.590 m 

b 
position of the centre of gravity of mass of a trolley and object 

above the surface of the tracks 
0.202 m 

v maximum velocity of motion of the trolleys 2.5 m/s 
R radius of the track bend 2.5 m 

 

THE ISSUE OF OVERTURNING A TROLLEY ON THE ARC  
OF A TRACK 

Permissible velocity v (Fig. 13) of motion of 
a  trolley, moving on the arc of the track inclined 
towards the horizontal at an angle , was 
determined on the basis of a diagram of forces 
shown on Fig. 3. These forces are analysed in 
a  rectangular coordinate system xy, with x axis 
connected with bearing surface of the track, placed 
along radius of the arc. During the research, the 
impact of force of transportation and Coriolis force 
was omitted. It was assumed that initiation of 
overturning a trolley outside of the arc towards 
point A occurs when reaction force in the point of 
contact B is fading, that is, NBy = 0. The condition of 
not overturning a trolley is presented by an 
equation: 

 + +ox oy x yF b 0.5F a G b 0.5G a  (1) 

where: 
Fo, Fox, Foy, – centrifugal force and its components: 

=
2

o

mv
F

R
, = ox oF F cos , = oy oF F sin  (2) 

G, Gx, Gy, – force of gravity and its components: 

=G mg , = xG Gsin , = yG Gcos  (3) 

g – gravitational acceleration. 
Permissible velocity determined based on the 

equation (1) is: 

+ 


+ 

gR(bsin 0.5acos )
v

bcos 0.5asin
 (4) 

Fig. 4 shows a graph of permissible velocity of 
a  trolley in a function of angle  of inclination of 
a  track and radius of the bend R. An analysis of the 
graph shows that in case of application of velocity 
of motion of the trolleys v = 2.5 m/s and radius of 
the bend R = 2.5 m (frequently adopted in high-
efficiency warehouse transport systems), there is 
no need to apply inclinations of the tracks. With 
application of the arc of radius R = 2.5 m, 
permissible velocity for  = 0o, due to requirement 
of not overturning the trolleys is about v = 6 m/s, 
that is, velocity is more than two times higher than 
maximum velocities applied in the warehouses. 

 
Fig. 4. Permissible velocity of motion of a trolley 
due to overturning on the arc of the track in 
a  function of radius R and angle of inclination  

THE FORCES OF IMPACT OF A TROLLEY ON A TRACK 

A diagram from Fig. 3 was also used to 
determine the forces of pressure of a trolley on the 
tracks in the points of contact A and B. 

The conditions of static balance of a trolley are 
defined by the equations: 

= − − − + = iA ox oy x y ByM F b 0.5F a G b 0.5G a N a 0  (5) 

= − + = ix Ax ox xF N F G 0  (6) 

= + − − = iy Ay By oy yF N N F G 0  (7) 

The components of reaction forces in the points of contact A and B are: 

( ) ( )− −  + + 
=

2

By

mv bcos 0.5asin Rmg bsin 0.5acos
N

aR
 (8) 
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= − + +Ay By oy yN N F G  (9) 

= −Ax ox xN F G  (10) 

The forces of pressure of a trolley on the tracks 
were shown on Fig. 5-9. Fig. 5, Fig. 6 and Fig. 8 refer 
to the tracks placed horizontally ( = 0o), and Fig. 7 
and Fig. 9 – inclined at an angle of  = 10o. 

Fig. 5 shows no danger of overturning a trolley – 

NBy > 0. In case of application of the tracks placed 
horizontally ( = 0o, Fig. 5, Fig. 6 and Fig. 8) and 
velocity of motion of trolleys v = 2.5 m/s, external 
track is much more loaded than internal one: for 
R = 2.5 m, NAy = 380 N, NAx = 170 N and NBy = 270 N. 
The application of inclination of the tracks ( = 10o, 
Fig. 7 and Fig. 9) contributes to more uniform 
distribution of load: for R = 2.5 m, NAy = 350 N, 
NAx = 50 N and NBy = 320 N. 

a) 

 

b) 

 

Fig. 5. The component of reaction force NBy of a trolley: a) in R and v function, b) in v function;  = 0, 
m = 45  kg, mp = 25 kg 

a) 

 

b) 

 
Fig. 6. The component of reaction force NAy of a trolley: a) in R and v function, b) in v function;  = 0, 
m = 45  kg, mp = 25 kg 

a) 

 

b) 

 
Fig. 7. Load of the tracks towards axis y: a) component NBy, b) component NAy;  = 10, m = 45 kg, mp = 25 kg 
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a) 

 

b) 

 
Fig. 8. The component of reaction force NAx of a trolley: a) in R and v function, b) in v function;  = 0, 
m = 45  kg, mp = 25 kg 

a) 

 

b) 

 
Fig. 9. The component of reaction force NAx of a trolley: a) in R and v function, b) in v function;  = 10o, m = 45 kg, 
mp = 25 kg 

THE ISSUE OF FALLING OF TRANSPORTED OBJECTS ON 
THE BENDS 

Centrifugal force affecting transported objects 
on the bends may cause unintentional slipping off 
objects from the trays. Therefore, analytical model 
has been developed that allows to determine 
required frictional properties of an object in the 
context of velocity of transporting, radius of the 
curvature of the bend and angle of inclination of 
the track. In this model, a diagram from Fig. 12 was 
used. It was assumed that frictional properties are 
described in accordance with Coulomb model that 
belongs to the class of the so-called static models 
[6-10]. In these models, friction force is a static 
mapping of coefficient characteristics. They are less 
complex than dynamic models [11-17] that allow 
to recreate hysteresis effects occurring during low 
velocity of skid, for example, pre-sliding hysteresis, 
frictional lag, break-away force. Coulomb model in 
discussed application is sufficient because carried 

out analyses refer only to existence of the state of 
static friction. Skid is not considered because it 
would lead to the loss of control of transported 
object and to faulty work of a sorting system.  

The condition of not slipping of an object from 
the trays outside of the bend is expressed by an 
inequality: 

+ x oxT G F  (11) 
where: 
T – friction force: 

( )= +y oyT G F  (12) 

hence: 

− 


+ 

2

2

v cos Rgsin

v sin Rgcos
 (13) 

Expected values of frictional properties of a tray, 
protecting an object against unintentional fall 
during its motion on the curvatures of the track of 
the main conveyor, were shown on Fig. 10 and Fig. 11. 
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a) 

 

b) 

 

Fig. 10. Friction coefficient responsible for prevention of occurrence of motion of an object towards a tray on 
the curvatures of a track: a) in R and v function, b) in v function;  = 0 

a) 

 

b) 

 

Fig. 11. Friction coefficient responsible for prevention of occurrence of motion of an object relative a tray on the 
curvatures of a track: a) in R and v function, b) in v function;  = 10 

 

Fig. 12. A diagram of forces exerted on an object lying on a tray, moving on the arc of the track inclined 
towards the horizontal at an angle : 1 – object, 2 – tray, 3 – trolley, 4 – track 
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Data were determined in a function of velocity v 
of the trays and radius R of the curvature of the 
track. In case of the tracks placed horizontally 
( = 0o, Fig. 11), velocity v = 2.5 m/s and radius of 
the track R = 2.5 m, transported objects should 
have frictional properties  > 0.25. Inclination of 
the tracks by  = 10o (Fig. 11) allows to transport 
much more slippery objects –  > 0.15. The graph 
from Fig. 11a consists of two parts: reference (1) 
refers to dominant impact of gravitational force 
during potential motion of an object towards a tray 
to the inside of the bend, reference (2) – dominant 
impact of centrifugal force, causing hypothetical 
skid of an object outside of the bend. Due to 
protection of an object against fall from a conveyor, 
surface of a graph marked by a reference (2) should 
be taken into account – an object shall not leave a 
tray if friction coefficient shall have value higher 
than the value determined by this surface. 

2. THE SELECTION OF THE MAIN DRIVE UNITS  
OF A SORTER 

DRIVING ROLL OF A BELT OF A TRANSVERSE TRAY 

High efficiency of sorting devices forces also the 
need of application of high-efficiency infeed lines 
(2) – Fig. 3, and (4) – Fig. 13, putting the objects on 

the belts of the trays, parallel to their edges (Fig. 13).  
Initial location of an object (1) on the infeed 

conveyor (4) towards a tray (2) and their velocity 
should be selected so as to, as a result of the 
process of positioning, obtain, for example, central 
location of an object on a tray, parallel to this tray 
edges. While placing an object in a tray, velocities vr 
and vinf of motion of a conveyor of a tray and infeed 
conveyor of angular entrance have values related 
to transport velocity v of the trays, according to 
a  diagram from Fig. 13: 

= rv v tan ,  =inf

v
v

cos
 (14) 

The application of these relations causes that an 
object is placed on the trays, without skid. Such 
state lasts until the moment of getting location II 
(Fig. 13) by an object. Then, transverse conveyor of 
a tray moves with uniformly retarded motion, 
providing conditions of static friction between an 
object and tray. Therefore, while we know the 
length of the trajectory, we can accurately define 
the time of stopping the conveyor of a tray, in 
which object reaches selected location, for 
example, the centre K of a tray. 

 
Fig. 13. A diagram of velocity of trays in the main track, infeed conveyor and belts of trays: 1 – object, 2 – tray, 
3 – track, 4 – infeed line, I – initial location of an object and trays (the beginning of concurrent motion of 
belts of trays of constant velocity), II – location of an object at the moment of initiation of concurrent, 
retarded motion of belts of trays, K – the end of positioning process, s – distance between the fronts of trays 

a) 

 

b) 

 
Fig. 14. A diagram of velocity vr of transverse belts of the trays during: a) loading of an object to a tray, 
b) unloading of an object from a tray; 1 – starting of a belt without an object, 2 – uniform motion, 
3 – stopping without skid of an object relative the belt, 4 – starting without skid of an object relative the 
belt, 5 – stopping the belt without an object 
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Assuming friction coefficient 1 = 0.2 (Tab. 2) for 
the most slippery object and condition of avoiding 
its skid relative a tray, a diagram of velocity of 
starting and stopping the belt of a tray during 
loading and unloading was shown on Fig. 14. Not 
allowing for occurrence of skid of an object relative 
a tray results from the need to avoid unpredictable 
transient states of motion of an object, making its 
precise positioning more difficult 

Required torque, power of a drive roll and 
efficiency of moving of the trays are described by 
the relations: 

( )=  +r p 1 2M m g r  (15) 

( )=  +r r p 1 2P v m g  (16) 

=
3600v

W
s

 (17) 

The results of application of these relations were 
shown in Table 3. The parameters from Table 2 were 
used in calculations. Classic Coulomb model was 
applied to describe frictional properties. 

LINEAR DRIVE OF TRANSLATIONAL MOTION  
OF TROLLEYS 

The linear drives are used to set trolleys of 
a  sorter in translational motion in a track. There are 
two solutions of drives (Fig. 15): friction and 
electromagnetic. 

Friction drive is an older solution, in which 
application of frictional rolls affecting driving strips 
of trays (Fig. 15a) are applied. Nowadays, 
electromagnetic drives are applied more and more 
often (Fig. 15b). The advantage of electromagnetic 
drives is non-contact character of cooperation of 
an engine and trays and resulting minimization of 
noise and mechanical wear. 

Required towing power of linear motors and 
their power can be determined according to the 
following relations: 

= t t t 3F nm g  (18) 

=t tP vF  (19) 

The results of calculations were presented in 
table 4. Data for these calculations were taken 
from Tables 1, 2 and 4. 

CONCLUSIONS 
An analysis of mechanical loads carried out for 

fundamental structural elements of a cross-belt 
sorter was presented in this article. The research 
included track and cooperating trolleys with the 
trays covered with transverse belt conveyors. 
Based on carried out analyses, it was found that 
within the range of velocity of transporting applied 
in high-efficiency warehouses, trolleys loaded with 
transported objects are not exposed to overturning 
in motion on the bends.  

Table 2. The parameters of motion of a belt of a tray 
Marking Quantity Value 

vr velocity of a transverse belt 1.2 m/s i 1.5 m/s 
r radius of a drive roll 0.05 m 
1 coefficient of friction between tray belt and object 0.2 
2 coefficient of friction between belt and table of a tray 0.4 
 angle between infeed conveyor and track 30o 
g gravitational acceleration 9.81 m/s2 
s distance between the fronts of trays 0.6 m 

 

Table 3. The results of calculations of a drive roll of a tray 
vr [m/s] 

velocity of a belt 
of a tray 

v [m/s] 
velocity of 

trolleys 

vinf [m/s] 
infeed 

velocity 

W [pcs/h] 
efficiency 

Mr [Nm] 
torque 

Pr [W] 
power 

1.2 2.07 1,38 12 470.76 3,67 176.58 
1.5 2.59 3,00 15 588.45 3,67 220.72 

 

Table 4. The results of calculations of a linear drive 
nt [-]  

number of 
trolleys 

v [m/s]  
velocity of 

trolleys 

3 [-] 
coefficient of rolling friction 

of trolleys in a track 

mt=m+mp [kg] 
mass of a trolley, 
tray and object 

Ft [N] 
towing 
force 

Pt [W] 
power 

30 2,5 0.025 140 1030 2574 
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a) 

 

b) 

 
Fig. 15. The linear drives of the trolleys of a sorter [5]: a) friction, b) electromagnetic  

Therefore, the tracks can be designed in 
horizontal position, without the need of application 
of inclinations. However, the application of 
inclinations of a track allows for more uniform load 
of external and internal tracks. Moreover, 
inclination of the tracks has positive impact on 
prevention of falling the slippery objects down 
from the trays. A fundamental assumption while 
placing objects on the sorter is fulfilment of 
condition of arising of static friction between the 
objects and bearing surfaces of conveyors. To meet 
this condition, it is necessary to apply close relation 
between velocities of translational motion of trays, 
belt of a transverse conveyor of a tray and infeed 
conveyor. In addition, the ramps of starting and 
stopping the transverse belt of a tray, in which 
static friction of transported object does not break 
should be applied. The course of the track of 
motion of an object under conditions of static 
friction is fully predictable, in contrast with kinetic 
friction, non-linear transient states generating. Due 
to the fact that the selection of the main operating 
parameters of the sorter requires the fulfilment of 
static friction conditions in the kinematic pair: the 
cross-belt of the tray – sorted object, the Coulomb 
friction model is a suitable description of the 
frictional properties. This model is one of the 
simplest models, which at the same time allows for 
unambiguous identification of the state of static friction. 

The results of carried out analysis may be 
treated as recommendations at the stage of 
designing new sorters and during the use of existing 
solutions.  

The research is co-financed by the European 
Regional Development Fund under NCBR 
POIR.04.01.04-00-0006/19 grant, “Cross-belt system 
for automated sorting of unit loads by a two-stage 
method”, performed in 2019-2022. 

SORTER TYPU CROSS-BELT – MODEL I ANALIZA 
WYBRANYCH OBCIĄŻEŃ MECHANICZNYCH 

W artykule przedstawiono wyniki badań numerycznych 
eksploatacyjnych obciążeń mechanicznych, wykonanych dla 
głównych elementów konstrukcyjnych sortera cross-belt: 
torów jezdnych i wózków z tackami. Celem badań jest 
pozyskanie danych wymaganych na etapie projektowania 
nowych rozwiązań sorterów. Nowością jest model 
analityczny pozwalający określić wpływ prędkości ruchu 
wózków, właściwości ciernych i ciężaru sortowanych 
obiektów na siły oddziaływania wózków na tor jezdny, 
wydajność sortowania i zapotrzebowanie mocy układów 
napędowych. 

Słowa kluczowe: proces sortowania, tacka, wózek, ładunek 
jednostkowy, centrum logistyczne 
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